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I – Introduction 
 
        Local gauge invariance is a fundamental concept in field theories and there are some 
constraints in phase space in the gauge theories that follow the requirement of local gauge 
invariance. When quantizing gauge theories of the most general kind, a fundamental role is 
played by a rigid symmetry that transforms bosons into fermions and vice versa. This symmetry 
is called BRST (Becchi, Rouet, Stora, Tyutin) [1] or BFV (Batalin, Fradkin, Vilkoviski) [2, 3] 
and the corresponding quantization procedures are of special importance. They allow performing 
the quantization of general gauge and gravitational theories in a consistent way, not only with the 
Feynman path integral approach but also at the operator level. 
        However, in the generalized canonical formalism [4] all first-class constraints are 
independent generators of gauge transformations that generate equivalent transformations among 
physical states. For both the Faddeev-Senjanovic procedure [5] and BFV procedure based on 
BRST symmetry [6], the gauge conditions are always directly related to the first-class 
constraints, Furthermore, the BRST symmetry can be understood in terms of an extension of 
space-time to include an additional fermionic direction. This fact puts the quantization procedure 
for dynamical systems with first class constraints into a new geometrical framework [7]. On the 
other hand, N = 1 superfield formulation of the quantization program for theories with first class 
constraints and an exact operator formulation have been established where a phase space path 
integral is entirely given in terms of N = 1 superfields [8]. The BRST and canonical 
transformations enter on equal footing allowing to establish, on one hand, a superspace analogue 
of the BDF theorem [2] and on the other hand a formal derivation of the N = 1 supersymmetric 
lagrangian analogue of the field anti-field formalism [8]. Moreover, in the presence of second 
class constraints the appropriate N = 1 superfield phase space path integral provide the correct 
Fradkin-Senjanovic path integral measure [9] after integrating over the super partners of the 
ordinary fields [8]. For N = 2 superfield Hamiltonian dynamics a construction on a three 
dimensional superspace spanned by time t and two fermionic directions αθ is given and an N = 2 
superfield phase space path integral is proposed [10]. In view of this, we find it appropriate to 
study the N = 4 supersymmetric extensions of the phase space coordinates, which have plenty of 
uses [11], by using the techniques of harmonic superspace. 
        The paper is organized as follows. In section II, we precise techniques of harmonic 
superspace and we give the N = 4 superfield phase space coordinates. The N = 4 classical 
equations of motion are expressed in terms of spinorial and harmonic super charges. In section 
III, we construct the N = 4 supersymmetric actions in terms of fermionic and harmonic 
functionals. In section IV, we formulate the N = 4 supersymmetric action in harmonic subspace 
expressed in terms of analytic N = 4 superfield phase space coordinates allowing to obtain the 
Hamiltonian quantization. Finally, in section V, we make our concluding remarks. 
   
II – N = 4 superfield phase space coordinates and harmonic superspace 
        The ordinary N = 4 superspace is spanned by ordinary time t and four real fermionic 
directions denoted by 4,3,2,1, =aaθ ; which can be represented as 2,1,; =βαθαβ ; due to the 
isomorphism group )2()2(~)4( SUSUSU × [13]. The N = 4, d = 1 harmonic superspace is 
obtained by adding a set of harmonic coordinates parametrizing the sphere
)1(
)2(~2
U
SUS  namely 
),,,( ±−+ β
αα θθ Ut where [13] 
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with αβε a constant antisymmetric tensor. In our formulation we kept the SU(2) indices manifest 
and we will not follow the formulation given in ref [12]. The spinor covariant derivatives are 
given by 
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where the indices are raised with the help of the constant symmetric metric αβη and satisfy the 
following relation { } t∂=−+ αββα η2, DD                                                                  (2.4) 
Furthermore, the important ingredients of the harmonic formulism [12,13] are the harmonic 
derivatives which are given by 
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where the operator 0D counts the )1(U Cartan Weyl charge of the harmonic superfields. 
However, by following the N = 1 and N = 2 superfield construction [8,10], the N = 4 superfield 
phase space variables in harmonic superspace have the following expansion 
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where the Grassmann parities are given by 
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and where the zero component ),(0 Utq
A is identified with the original phase space variables. 
Therefore, the graded Poisson brackets for harmonic superfields are defined by [8] { } GfUtqGUtqf BABA ∂∂=±± rs ωθθ )),,((,)),,((                     (2.9) 
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with { }),,(,),,()),,(( UtqUtqUtq AAAB ±±± = θθθω                               (2.10) 
is the general symplectic superfield metric which has the following properties [8] 
A
CBC
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D
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BAAB
0)C,B,A(permcyclic)1(
)1(
CA
BA
δ=ωω
=+−ω∂ω
ω−−=ω
εε
εε
                                 (2.11) 
with 
                 BA
AB εεωε +=)(  
and ABω  is the inverse symplectic metric 
        However, the N = 4 classical equations of motion are taken to be { }),,(,),,,(),,( UtqUtqQUtq AA ±±±±± = θθθ ααD                         (2.12) 
where α±Q are spinorial and carrying 1± )1(U charges respectively. Furthermore, the existence 
of the harmonic derivatives (2.5) allows us to take also the other kind of equations namely { }),,(,),,,(),,( UtqUtqQUtq AA ±±±±±±± = θθθD                          (2.13) 
where ±±Q are harmonic operators. Therefore, the application of the spinorial derivatives β±D to 
equation (2.12) and the use of the equation (2.4) leads to 
                                  { }),,(,),,( UtqHUtq AAt ±± −=∂ θθ                                               (2.14) 
where the N = 4 superfield Hamiltonian H is defined by 
{ } { }βαβααβη −+−+ −−= QQQH ,2 D                                          (2.15) 
On the other hand, by applying the harmonic derivatives to the equation (2.13) and by using 
(2.6.2) we obtain { }),,(,0),,( 00 UtqHUtq AA ±± == θθD                                   (2.16) 
with { } 0),0 =+−= −−++++−−−−++ QQQQH DD                           (2.17) 
Since the N = 4 superfield Aq  has no Cartan-Weil charge the equation (2.16) leads to the 
constraint (2.17). Let us now follow the procedure given in ref. [10] by multiplying (2.14) by 
αθ ±  namely { }AAt qHUtq ,),,( αα θθθ ±±± =∂                                                       (2.18) 
and by using (2.12) we obtain { }),,(,),,(),,( UtqUtqUtq AA ±±±±± Ω=∂ θθθ α                               (2.19) 
with 
),,;(),,;(),,;( UtqHUtqQUtq ±±±±±± =Ω θθθθ ααα m                  (2.20) 
In the same way, by multiplying (2.14) by 2±θ and by using (2.13) we have { })U,,t(q,)U,,t,q()U,,t(q AA ±±±±±±± θθΩ=θ∂                               (2.21) 
where 
)U,,t;q(H)U,,t;q(Q)U,,t;q( ±±±±±±±±± θθθ+θ=θΩ                 (2.22) 
As for the N = 2 supersymmetric case [10] the evolutions in αθ ± is dictated by the combinations 
α±Ω and the evolution in time is dictated by the N = 4 superfield Hamiltonian H of equation 
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(2.15). Moreover, we note that the evolution in harmonic variables is also dictated by the 
combinations ±±Ω . We precise that these harmonic quantities are note independent from α±Ω . 
In order to see that let us use the equations (2.13) and by applying respectively the spinorial 
derivatives αmD we obtain { } { }AAA qQqQq ααα −++++−++− += DDDD ,,                         (2.23.1) { } { }AAA qQqQq ααα +−−−−+−−+ += DDDD ,,                          (2.23.2) 
On the other hand, the application of the harmonic derivatives mmD respectively on the equations 
(2.12) leads to { } { }AAA qQqQq −−++−−+−− += DDDD ,, ααα                           (2.24.1) 
 { } { }AAA qQqQq ++−−++−++ += DDDD ,, ααα                            (2.24.2) 
 
by combining these equations and by using (2.6.1) we deduce that { }αααα −++++−−+++ +−= QDDQ ,QQQ                                     (2.25.1) 
  { }αααα +−−−−++−−− +−= QDDQ ,QQQ                                     (2.25.2) 
Consequently the N = 4 Hamiltonian can be obtained in terms of the spinorial operators α±Q or 
the harmonic operators ±±Q . On the other hand, the integrality conditions are given by { } 0H,Ht =Ω+∂+Ω∂ α±α±α±                                                  (2.26.1) 
{ } { } 0, =ΩΩ+Ω∂ ±±±± βαβα                                                       (2.26.2) 
which are derived from (2.14) by using the fact that 
0),,()( =∂∂−∂∂ ±±± Utq A θαα tt                                                (2.27.1) 
 0),,()( =∂∂−∂∂ ±±±±± Utq A θαββα                                           (2.27.2) 
and we have also { } 0HH t =Ω+Ω∂+∂ ±±±±±± ,                                                   (2.28.1) { } 0, =ΩΩ+Ω∂−Ω∂ −−++−−++++−−                                         (2.28.2) 
which are deduced from (2.14) by using(2.13) and (2.21). The evaluation of the equation of 
motion (2.14) at 0=±αθ leads to { })u,t(q,H)u,t(q A00A0t −=∂                                                        (2.29) 
with 
{ } { }{ }
0
0
0 ,
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αβη QD QQutqH                    (2.30) 
Let us now consider the following quantity { }),,(,),,(),,( utqHutqutX AAtA ±±± +∂= θθθ                      (2.31) 
and we perform a rescaling in ±αθ as in ref [10] namely 
−−−
+++
=→
=→
ααα
ααα
θλθθ
θλθθ
2
1
'
'
                                                                               (2.32) 
Then 
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By using equation (2.19) we obtain 
{ } { }A2A
1
A
q,Hq,Q
d
dq α−+
α
α−+
α θθλ+θ=λ                                (2.34.1) 
{ } { }A1A
2
A
q,Hq,Q
d
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α
α+−
α θθλ−θ=λ                                (2.34.2) 
This leads to  
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⎧
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Furthermore, differentiating the expressions (2.34) with respect to time we derive 
{ } { }
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A
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A
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By combining the equations (2.36.1) and (2.36.2) with (2.35.1) and (2.35.2) respectively we 
obtain 
{ } { }
⎭⎬
⎫
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and 
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A
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Moreover, the consistency conditions (2.26.1) with the use of the rescaling (2.32) lead to 
( ) { }
( ) { } 0H,HQHQH
0H,HQHQH
2t2t
1
1t1t
2
=θθλ+θ+∂θθλ+∂θ+λ∂
∂
=θθλ−θ+∂θθλ−∂θ+λ∂
∂
−+−+−+−+
+−+−+−+−
                                        (2.38) 
Therefore, the equations (2.37) can be reduced to 
{ }
{ }A1BB
2
A
A
2B
B
1
A
q,HQXX
q,HQXX
+−−+
−+−+
θθλ−θ∂=λ∂
∂
θθλ+θ∂=λ∂
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                                                                           (2.39) 
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As précised in ref [10] these homogenous equations which govern the 1λ and 2λ evaluation of the 
superfield AX imply that if 0)0( 2,1 ==λAX then 0),( 21 =λλAX for all 21 ,λλ . Consequently if 
the superfield equations of motion (2.14) hold for 0=±αθ they hold for all ±αθ . In the next section 
we will derive suitable N = 4 supersymmetric actions which lead to the equations of motion 
(2.14) and the constraint (2.16). 
 
III – N = 4 supersymmetric actions in harmonic superspace 
 
        By following the formalism given in ref [10] we begin this section by given the following 
fermionic functionals corresponding to the spinorial operators α±Q namely [ ]∫ ±±± +=∑ ααα ϖµ Qqqd BABA D                                                (3.1) 
and the harmonic functionals corresponding to the harmonic operators ±±Q  which are given by [ ]∫ ±±±±±± +=∑ Qqqd BABA Dϖµ                                                 (3.2) 
Where dUdddtd −+= θθµ 22 is the total integral measure of the one dimensional harmonic 
superspace and ABω is the known expression given in ref [10] by 
)()2(
1
0
1 qdq ABABc
c
AB αωααωϖ ∫=+∂≡ −                                     (3.3) 
By using the fermionic functionals (3.1) one can define the first action 1S  given in terms of the 
functional Poisson bracket namely 
{ }
βα
αβ
βα
αβ
µδ
δµµµµµδ
δη
η
−+
−+
∑Ω∑=
∑∑=
∫ )(),'(')'(41
,
4
1
1
A
BA
B q
dd
q
S
rs                          (3.4) 
with 
)'()'()'()'()),,((),'( 222 uuttutqBABA −−−−=Ω −−++± δθθδθθδδθωµµ                               (3.5) 
On the other hand, one can also define the second action 2S derived in terms of the following 
functional Poisson bracket obtained from the harmonic functionals (3.2) 
{ }
−−++
−−++
∑µδ
δµµµΩµµδ
δ∑=
∑∑=
∫ )(),'(')'(
,
A
BA
B
2
q
dd
q4
1
4
1S
rs                                  (3.6) 
The insertion of the definitions (3.1) and (3.2) in the expressions (3.4) and (3.6) respectively 
allows to obtain 
⎥⎦
⎤⎢⎣
⎡ −−−= −+∫ HqqdS AABAB εβαβα ωηµ )1(411 DD                                       (3.7) 
which is written in the same way as in the N = 2 supersymmetric case [10] but in terms of N = 4 
superfields and 
[ ]02 )1(41 HqqdS AAABB −−= −−++∫ εωµ DD                                                (3.8) 
Furthermore, the derivation of the equation of motion from 1S  leads to 
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0),,(
),,(
1 =∂−∂= ±± Hutqutq
S
B
A
tBAB θωθδ
δ                                                                             (3.9) 
Which are the equations of motion of N = 1 supersymmetric case written in terms of N = 4 
superfields. Concerning the second action (3.8) the derivation of the equation of motion gives 
0),,(
),,( 0
02 =∂−= ±± Hutqutq
S
B
A
BAB θωθδ
δ D                                  (3.10) 
which is equivalent to (2.16) since 0H  is nothing but the constraint (2.17). Finally, let us note 
the expansion of the actions (3.7) and (3.8) in terms of component fields which allows us to be 
left with many terms of containing auxiliary fields. In order to reduce it one has to set some 
constraints. This will be the subject of the next section. 
 
IV – N = 4 harmonic subspace and Hamiltonian quantization  
 
        The one dimensional N = 4 harmonic superspace { }±± βαθ Ut ,,  as referred to as the central 
basis [13]. There exists analytic superspace which is a quotient by 
2,1, =− αθα namely{ }±β+αθ Ut ,, . In this subspace the superderivatives take the following forms 
t∂+∂−=
∂=
−−−
++
ααα
αα
θ2D
D
                                                                       (4.1) 
with 2,1=α  
So we have { } t∂=−+ αββα η2, DD                                                                     (4.2) 
Then the covariant irreducibility conditions for the N = 4 superfield phase space coordinates are 
given by 
0),,( =±+ utq A θαD                                                                        (4.3) 
which are recognized in the analytic basis as Grassmann analyticity conditions. This means that 
),,( Utq A ±θ  are independent of −αθ namely 
),,( utqq AA += θ                                                                           (4.4) 
and have the following expansions 
),(),(),(),,( 20 utFututqutq
AAAA −−+−++ ++= θψθθ                                   (4.5) 
Therefore, the N = 4 classical equations of motion (2.12) are reduced to 
0=+αQ                                                                                       (4.6.1) { }),,(,),,,(),,( utqutqQutq AA ++−+− = θθθ ααD                         (4.6.2) 
where the fermionic operators α−Q are not in principle analytic. In fact, by applying the super 
derivatives β+D and α−D the expressions (4.6.2) and (4.3) respectively we have 
                                        { } { }AAA qQqQq βααβαβ +−−+−+ −= DDDD ,,  
                                        0=+− Aqβα DD  
By combining these two expressions we obtain the following equation of motion { }),,(,),,(2 utqQutq AAt +−++ =∂ θθη αβαβ D                                   (4.7) 
where one has to set  
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αβαβη −+=− QH D2                                                                                                                   (4.8) 
This means that the operator α−Q is not analytic. On the other contrary if we look for the 
equations (2.13) namely { }),,(,),,( utqQutq AA ++++++ = θθD                                            (4.9.1) { }),,(,),,( utqQutq AA +−−+−− = θθD                                             (4.9.2) 
and if we apply the superderivative +αD  on the equation (4.9.1) then the use of (2.6.1) leads to  
0=+++QαD                                                                                         (4.10) 
which means that the harmonic operator ++Q is analytic. On the other hand, the application of the 
harmonic derivative ++D and the superderivative -Dα to the expression (4.6.2) and (4.9.1) 
respectively allows us to obtain 
                                  { } { }AAA qQqQq ++−−++++ += DDDD - ,, ααα  
                                 { } { }AAA qQqQq --- DDDD ααα ,, ++++++ +=  
By combining these two expressions and by using (2.6.1) we have 
                                { }{ }AA qQQQQq ,,0 ++−++−−+++ +−== αααα DDD  
This leads to the following constraint { } 0, =+− ++−++−++ QQQQ ααα -DD                                                    (4.11) 
Furthermore, by applying the superderivative +αD to the expression (4.9.2) we obtain  
                              { }AA qQq ,−−+−−+ = αα DDD                
and since 
                             0=+−− AqαDD  
the use of the expression (2.6.1) leads to 
 { }AA qQq ,DD- −−+−= αα                                                                         (4.12) 
Therefore, the identification of the expressions (4.6.2) and (4.12) implies that 
−−−+ −= αα QD Q                                                                                         (4.13) 
Finally, if we apply the derivatives −−D and -Dα on the expressions (4.6.2) and (4.9.2) 
respectively we obtain the following constraint { } 0, =+− −−−−−−−− ααα QQQQ -DD                                                      (4.14) 
These constraints show that the operators ±±Q and α−Q are not independent. In the remainder of 
this paper we will choose the operator ++Q as the fundamental because it is analytic.  
        Now we present a classical N = 4 supersymmetric action that leads to the correct equations 
of motion. For that, let us first define the following covariant harmonic derivatives namely 
±±±±±± −=∇ QD ad                                                                                (4.15) 
by means of which the proposed equations of motion (4.9) take the compact form 
0utq A =θ∇ +++ ),,(                                                                                   (4.16.1) 
0utq A =θ∇ +−− ),,(                                                                                   (4.16.2) 
where we have introduced the adjoint action with respect to the super Poisson bracket, { }.,BadB = . Then the N = 4 supersymmetric action in terms of the analytic operators ++Q is 
given by 
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[ ] [ ] BBAABABA hqdQqDqd21S λ∇µ++ωµ−= ++−−++++−− ∫∫                                                (4.17) 
with dUdtdUddtd 22 )( −+−− ≡= Dθµ is the analytic superspace measure and where 
),,( UtB
+θλ are analytic Lagrange superfield multipliers. 
In the same way as the N = 2 supersymmetric case [10] we have introduced analytic superfield 
vielbeins BAh corresponding to the symplectic analytic metric which is defined by 
D
BCD
C
AAB hhDB
0)1()1( ωω εε +−=                                                        (4.18) 
where 0ABω is the analytic superfield symplectic metric in Darboux form [10]. However, in order 
to simplify the expansion of the action (4.17) in terms of component variables we make the 
following choice 
B
A
B
Ah δ=                                                                                      (4.19) 
and we take the expansion of the analytic Lagrange superfield multiplier Aλ as follows 
−−++−++ λθθ+λθ+λ=θλ A2A10AA )u,,t(                                           (4.20) 
Consequently, by performing the +θ integration in (4.17) we get 
{ }[ ] { }
{ } { }[ ] }0AA0BCBCA0BBA0tA
1
A
0B
B
A2
A
0
A
0
B
AB
AB
0tAB
A
0
qQqQFqF
qQ
2
1qQq
QDD1
4
1qqdtduS B
λη∂∂ψψ+∂+∂−∂+
λ⎥⎦
⎤⎢⎣
⎡ ∂ψ+ψ∂−+λ+∂+
η+⎩⎨
⎧ −ψ∂ηωψ+∂ω=
αβ++−
β
−
α
++−−−−++
α−++−
α
−
α
++−−++++
++−
β
−
α
αβε−
β
++αβ−
α∫
,,
,,
)(
         (4.21) 
We note that the variation of this action with respect to the components −−A2λ  allows to obtain the 
constraint (2.21) or equivalently (4.9.1) for 0=+θ  namely { } 0, 00 =+∂ ++++ AA qQq                                                          (4.22) 
On the other hand, the variation of the action (4.21) with respect to the components −αλ A1  leads to { }ABBA qQ 0,2 ++−−++ ∂=∂ αα ψψ                                                   (4.23) 
and finally, the variation with respect to the component 0Aλ  implies that { } { } 0,, 0BC0B0t =∂∂+∂+∂−∂ ++−−++−−−−++ αββα ηψψ ABCABAA qQqQFqF                    (4.24) 
which is equivalent to the 2+θ term of the equations of motion (4.16.1). Therefore, inserting the 
above equations back into the expression (4.21) we find that at the classical level the N = 4 
supersymmetric action is equivalent to  
{ { } BBCABABABA qQQqqdtduS εβαβαβααβ ψηωψηω )1(,21 0002 −∂++∂= ++−−++−−∫ Ct DD (4.25) 
Let us remark that in the N = 4 supersymmetric action (4.25) the spinorial partners of the phase 
variables remains apparent since these variables are not completely determined one in terms of 
the others as in the N = 2 supersymmetric case [10]. Finally at the operator level the equations of 
motion (4.16.1) is equivalent to the N = 4 superfield quantum equations of motion namely 
0),,(ˆ =∇ +++ utq A θ                                                                        (4.26) 
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where 
[ ].,QˆQˆ
Qˆ)( 1
++++
++−++++
=
−=∇
ad
and
adiD h
                                                                                         (4.27) 
Moreover, the harmonic superspace commutation relation for equal +θ,t and u are given by [ ] ( )),,(ˆˆ),,(ˆ),,,(ˆ utqiutqutq BBA +++ = θωθθ h                              (4.28)        
Furthermore, one can consider a system with first class constraint by considering a Grassmann 
BRST generator namely 
),,,( utq +++++ Ω=Ω θ                                                               (4.29) 
and a Hamiltonian ),,,( UtqHH ±= θ which are taken to satisfy  { } { }++++++ Ω==ΩΩ ,0, H                                                      (4.30) 
and which are combined into the operators ++Q as 
                                               ),,,(),,,(),,,( utqHutqutqQ ±++++++++ θθθ−θΩ=θ  
which is nilpotent due to the equations (4.30) 
                                               { } 0, =++++ QQ  
On the other hand, the first term of the action (4.17) can be generalized to the following 
functional action [ ]++++−− −= ∫ Qq(q)KdS AA Dµ                                            (4.31) 
where the simplistic super potential Ak is related to the symplectic metric ABω as follows 
                                              B
BA
ABBAAB KK
εεεω )1()1( −⎟⎠⎞⎜⎝⎛ ∂−−∂=   
The study of this action and the development of  the  path integral  quantization  formalism of the  
N = 4 supersymmetric Hamiltonian systems with first class constraints based on an extended 
Poisson bracket and BRST super charges will be discussed elsewhere[14]. 
 
V – Conclusion 
        In this paper we have introduced the techniques of harmonic superspace in one dimension in 
order to express the N = 4 superfield phase space coordinates. We have seen that the equations of 
motion can be expressed in terms of spinorial and harmonic operators ±αQ  and 
±±Q respectively. 
Furthermore, the N = 4 supersymmetric Hamiltonian which governs the time evolution of the    
N = 4 superfield phase space variables, can be derived from the combinations of the spinorial 
supercharges ±Ωα  in one hand and of the harmonic supercharges ±±Ω in the other hand. These 
combinations generate translations in the ±αθ  directions and the ±αu  harmonic variable 
respectively. Moreover, the N= 4 supersymmetric actions in harmonic superspace are given by 
introducing fermionic ±∑α  and harmonic ±±∑ functionals corresponding to the operators ±αQ  and 
±±Q respectively. We have seen that the expansion in terms of component field phase space 
coordinates contains many auxiliary terms which have to be eliminated by setting some 
constraints. Therefore, the N = 4 harmonic subspace in which the N = 4 superfield phase space 
coordinate is analytic is more useful. This allows to obtain the N = 4 supersymmetric 
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Hamiltonian in terms of spinorial operators α−Q which are not analytic and which are related to 
the harmonic operators −−Q . These are also dependent of the harmonic operator ++Q which is 
analytic. Then, the classical N = 4 supersymmetric action which leads to the correct equations of 
motion is given and we have seen that in the expansion of the action in terms of components, the 
spinorial partners of the phase space variables remains apparent. Finally, the N = 4 superfield 
quantum equations of motion are noted by the obvious replacements of Poisson brackets with 
commutators. 
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